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TOPOLOGICAL CONDITIONS FOR
THE EXISTENCE OF ABSORBING CANTOR SETS

HENK BRUIN

ABSTRACT. This paper deals with strange attractors of S-unimodal maps f. It
generalizes earlier results in the sense that very general topological conditions
are given that either

i) guarantee the existence of an absorbing Cantor set provided the critical

point of f is sufficiently degenerate, or
ii) prohibit the existence of an absorbing Cantor set altogether.
As a by-product we obtain very weak topological conditions that imply the

existence of an absolutely continuous invariant probability measure for f.

1. INTRODUCTION

Attractors are one of the central themes in dynamics, but a universal defini-
tion of attractor is hard to give. Already in the context of interval maps one
encounters ambiguities that one would hardly expect. Let us illustrate this by the
well-established classification of attractors for S-unimodal interval maps. First we
need to distinguish between a metric and a topological attractor.

Definition (cf. [Mil]). A closed set A is a metric (topological) attractor, if

i) The basin B(A) = {z | w(xz) C A} has positive Lebesgue measure (is a residual
set).

ii) There is no proper closed subset A’ C A such that B(A’) has positive Lebesgue
measure (is a residual set).

The following classification is due to Guckenheimer [G] for the topological part,
and to Blokh and Lyubich [BL1] for the metric part.

Classification of Attractors. Let f : I — I be a non-flat S-unimodal (i.e. the
Schwarzian derivative of f is negative) map of the interval. Then f has a unique
topological attractor, which is one of the following:

i) An attracting periodic orbit.

it) The union of n intervals which are cyclically permuted by f. On each of these
intervals ™ is topological transitive.

ii1) A Cantor set on which f acts as an adding machine. This is the infinitely
renormalizable case.

Furthermore, f has a unique metric attractor, which can be of type i), i), iii) or
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iv) A Cantor set, but i) does not apply: f is finitely renormalizable.

An attractor of type iv) is called an absorbing Cantor set. It is a metric but
not a topological attractor. It has been an open question for some years whether
case iv) can occur. If £ = 2, absorbing Cantor sets do not exist. Proofs were given
by Lyubich [L1] and by Jakobson and Swiatek [JS1], [JS2], [JS3]. However, as was
proved in [BKNS], there are maps (with a degenerate critical point) that have an
absorbing Cantor set. This applies at least to maps with a special combinatorial
structure, known as the Fibonacci dynamics.

The purpose of this paper is to generalize the results of [BKNS]: We want to
indicate which topological constraints allow/prohibit the existence of absorbing
Cantor sets.

The topology of absorbing Cantor sets is known to some extent [BL2|, [GJ],
[Mal]. If A is an absorbing Cantor set, then A = w(c) (where ¢ is the critical
point of f), A is minimal and ¢ must have a rigid recurrence behaviour, sometimes
called persistent recurrence. The precise formulation of this recurrence behaviour
may change from one author to the next. In section 3 we will discuss this in detail:
The differences in formulation are very subtle, leading to intricate counterexamples
(section 11).

Let us discuss some of the ideas and tools used in this paper, and then state the
main result in a simplified form.

Our main tool is a certain kind of induced map (section 4). It is a generalization
of the induced map used in [BKNS]. The dynamics of the induced map F can
be considered as a random walk on a Markov chain with countably many states,
{Uk}ren. From a topological viewpoint, F' is well-understood. The possible tran-
sitions from one state to another are given by the combinatorial structure of the
original map f. If f is not renormalizable, the set of dense orbits on the chain is
residual in the set of all orbits. For the map f, this means that the set of points
having a dense f-orbit is also residual.

From a measure theoretical viewpoint, one has to distinguish between recurrent
and transient Markov chains. In principle, if a point x escapes to infinity under
iteration of F', then x tends to w(c) under iteration of f. Therefore a transient
Markov chain corresponds to a map with an absorbing Cantor set (section 5). We
will have to compute the probabilities of going from one state to another. This
involves complicated estimates, which makes up the hardest part of the proofs.

We will describe the combinatorics of a unimodal map by means of the kneading
map Q. This map has been developed by Hofbauer and Keller, e.g. [H], [HK]. It
is a map on N with the property that Q(n) < n for all n > 0. For example, the
Fibonacci map has the kneading map Q(k) = max{k —2,0}. The precise definition
and some of the properties of @ will be given in section 2. Here we will point out
how @ describes the dynamics on the Markov chain: From state Uy one can reach
U, if and only if

I >min{Q(k)+1, QQ(K—-1)+1)+1}.

Therefore if £ — Q(k) is bounded (f is Fibonacci-like), then one can drop only a
bounded number of states in the Markov chain. This gives good chances to find
a transient Markov chain. We conjecture that the boundedness of k — Q(k) is
sufficient for the existence of an absorbing Cantor set (provided the critical order
¢ is sufficiently large). Using an additional condition on @, we can indeed prove
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this conjecture (section 6). On the other hand, we can show that in general no
absorbing Cantor set can arise if k — Q(k) — oo, irrespective the value of £ (section
8).
Related to the question of absorbing Cantor sets is the question whether f has
an absolutely continuous (with respect to Lebesgue measure) invariant probability
measure (acip for short). As was proved in [KN], [LM], the Fibonacci map has
an acip if the order ¢ of the critical point is sufficiently small (¢ < 2 +¢). It is
conjectured that the picture is as follows: Let f; be a family of Fibonacci maps
with critical order ¢. For £ small, f, has an acip. If £ increases, the acip disappears,
to be replaced by a conservative absolutely continuous infinite o-finite invariant
measure. If ¢ increases even more, then an absorbing Cantor set is created, and fy
is therefore no longer conservative.

The same picture may be true for Fibonacci-like maps. However, using the
summability condition of Nowicki and van Strien [NS], we can give a large class of
combinatorial structures that imply the existence of an acip, irrespective the value
of ¢ (section 9). In this case the stage of a o-finite measure is never reached.

Let us summarize this exposition in the following, simplified, theorem:

Theorem A. Let [ be a finitely renormalizable, non-flat S-unimodal map having
critical order £ < oo and kneading map Q. Assume that Q is eventually non-
decreasing.

a) If k—Q(k) is bounded, then there exists £y (depending only on the upper bound
of k — Q(k)) such that f has an absorbing Cantor set, whenever £ > {g.

b) If limk — Q(k) = oo, then f has no absorbing Cantor set.

¢) If lim kl_o("égf) = 00, then f has an absolutely continuous invariant probability
measure.

The assumption that @ is eventually non-decreasing is strong, but it simplifies
the metric estimates considerably. Among other things, these metric estimates are
needed to show that certain (dynamically defined) points uy accumulate exponen-
tially fast on c¢. In section 7 (and 10), we derive sufficient topological conditions
for this behaviour. These conditions are much weaker than that @ is eventually
non-decreasing. In fact, Theorem A is a special case of the Theorems 6.1, 8.1 and
9.1.

We want to thank Gerhard Keller for many fruitful discussions. We also thank
the referee for useful remarks.

2. NOTATION AND PRELIMINARIES

f:I—-1 S — unimodal map on the unit interval,

¢, ¢ = f"(c) critical point and its iterates,

l order of the critical point,

w(c), B(w(c)) critical omega-limit set and its basin of attraction,
Sk k-th cutting time,

Q kneading map,

H,(z) maximal interval of monotonicity of f™

containing z,

& involution of x: f(&) = f(z),
vl = f(x) used for points close to ¢1,
d f
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2k, Ag = (21, 2k) k-th closest precritical point,

ug, Ug = (ug—1,ug) generalized closest prefixed points,
F induced map,

F|Uk U Uk = fSk*l|Uk U Uk,

on () on(x) =k if and only if F™(z) € Uy,
Yp = fIem-1(dy_y),

t{ right boundary point of Hg, _1(c1).

In more detail:

e f:]0,1] — [0,1] is a unimodal map with f(0) = f(1) = 0. We assume that
f is C3 and has negative Schwarzian derivative (Sf := %Sff - %(%sz)? <0
wherever it is defined).

o f is called renormalizable of period n > 1 if there is an interval ¢ € J C
[c2,c1] such that f™(J) C J. The maximal interval with this property is
called restrictive. We assume throughout the paper that f admits no periodic
attractor and is not renormalizable.

e || denotes Lebesque measure or just the absolute value. d(A, B) is the distance
between sets or points.

e The order of the critical point £ < co. Hence |f(c) — f(z)| = O(1)|c — z|* and
Df(z) = O(f)|x — c[*~1. Tt follows that the involution x + & (& is such that
& #x (if x # ¢) and f(&) = f(x)) is Lipschitz. For simplicity we will assume
that £ = 2¢ — x.

e w(x) is the set of accumulation points of orb(x), the forward orbit of z. A
forward invariant set A is minimal if every z € A has a dense orbit in A.

e w(x) is minimal if and only if  is uniformly recurrent [Got], i.e. for every
neighbourhood U of z, there exists N = N (U) such that for every m for which
f™(x) € U, there exists n < N such that also f™+t"(z) € U.

e Suppose that H,(z) = (a,b) > =z is the maximal interval on which f" is
diffeomorphic; then

ra(2) = min{|f"(z) — f*(a)l, [/"(z) = [ O]},

and

R (2) = max{[f"(z) = f*(a)], [["(x) = " ()]}

Contraction Principle. For every € > 0 there exists 6 > 0 such that for every
n >0 and every interval of size |J| > ¢, |f™(J)| > 6.

In particular, f™|J cannot be homeomorphic for every n. The contraction prin-
ciple holds if there are no wandering intervals or periodic attractors [BL2], [MS].
Let g : J — R be C*; then the distortion

. |Dg(x)|
dis(g,J) := sup .
(9.7) et 1 Dg(y)

If g has negative Schwarzian derivative, g expands the cross ratio: Let j C t be
intervals, and let I, be the components of ¢\ j. Then lellsl

e is the cross-ratio of j
and t.
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fsk—l

Zr—1 dk—l = fsk_l(c) fsk—l(zk) = Zr c

FIGURE 2.1

Expansion of Cross-Ratios. Let g : t — T be a diffeomorphism with negative
Schwarzian derivative. Then g expands the cross-ratio, i.e.

1] _ |T117]
[ilIrl = 1ZI1R

where the capital letters indicate the g-images.

Furthermore, we can use the Koebe principle (see e.g. [MS]). Let T' D J again
be intervals. T is said to contain a §-scaled neighbourhood of J if both components
of T'\ J have size > §|J|.

Koebe Principle. Suppose Sg < 0. Fiz 6 > 0 and let K = (1‘#)2 Then the
following property holds: Let j C t be intervals such that g|t is monotone. If T
contains a 6-scaled neighbourhood of J, then dis(g,j) < K.

A forward iterate ¢, is called a closest return if ¢; ¢ [cy,, é,] for 0 < j < n. The
closest precritical points zj, and cutting times Sy, are defined as follows: Sy := 1,
20 := f~(c) N (0, ¢). Inductively,

Sk+1 :=min{n > Sg | f7"(c) N (2k,¢)}
and
Zeg1 = £ (e) N (21, €).
We will give a few properties of these notions. More details can be found in [B2],
[B3]. Let Ay := (2k-1,2k), and Ag := (0, 20). If Sk, < n < Sky1, then (2x,¢) and
(¢, 2) are maximal intervals on which f™ is diffeomorphic.
By construction, f°%-1(z;) is again a closest precritical point; see Figure 2.1.
The kneading map @ : N — N is defined so that
£ (20) = 2
It follows that
(2.1) Sk = Sp_1+ SQ(k)-
The kneading map determines the combinatorics of the map completely. Define
dy = f%(c). By Figure 2.1 and the construction of the closest preimages,
(22) di—1 € (2Q(r)-1,2Q)) Y (k) ZQ(k)—1)-

This is true for all k£ > 1. If Q(k) = 0, then dx_1 € I\ (20, 20). Notice also that
[ maps (zx—1,¢) diffeomorphically onto (dgx),dr) and f5*(zx) = c. Therefore
dr and dg) lie on different sides of c.

Lemma 2.1. If there is no periodic attractor, then Q(k) < k for all k > 1.
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1 L L 1

2Q(k) -1 dk—1 2Q() c
foQ)
dqQ2(k) dx e do(k)
FIGURE 2.2
Zk—1 P 2z c 2 P Bk—1
fn
P c dy P
FIGURE 2.3

Proof. f%-1 maps both (z;_1,c¢) and (c, 24—1) diffeomorphically onto (dx_1,c). If
Q(k) > k, then by (2.2), dy € (2x—1,2x—1). Hence f%-1 maps either (z;_1,c) or
(¢, 2k—1) diffeomorphically into itself, yielding a periodic attractor. |

Lemma 2.2. There exists a unimodal map with @ as kneading map if and only if

(2.3) {Q(k + j)}jz1 = {Q(Q*(k) + 5)}i>1,

where = denotes lexicographical order.

Proof. See [H] or [B3]. Formula (2.3) is the admissibility condition for kneading
maps. The geometric interpretation is that |dx — c| < [dg2 (k) — c| for all k.

This follows immediately from (2.2) by taking the Sgqx)-th iterate. See Figure
2.2. O

Lemma 2.3. If f is renormalizable of period n, but has no n-periodic attractor,
then there exists k such that Sy =n and Q(k+ j) > k for all j > 1.

Proof. Let [p, p] be the restrictive interval of period n. Then the situation is as in
Figure 2.3.

Because f"((p,c)) > ¢ and f"|(p,c) is diffeomorphic, (p,¢) > z for some k
minimal, and n = Si. Therefore p € (2;-1,2;). By Lemma 2.1, di, ¢ (2, 2k),
and as dy € [p,p|, dx € (2k,2k_1). Because f7([p,p]) > c only if j is a multiple
of n = S (in which case f7([p,p]) C [p,D]), dm € [p,D] C (2k—1,2k—1) for every
m > k. Therefore Q(m + 1) > k for every m > k. O

We will often have to impose the following condition on the combinatorics:
(2.4) Q(k +1) > Q(Q*(k) + 1) for all sufficiently large k.

Geometrically, this means that there is at least one closest precritical point be-
tween dy and dgz(x) (see Figure 2.2). We have not been able to prove most of the
metric estimates without (2.4) or a similar condition. Condition (2.4) prohibits the
existence of saddle-node like returns (see Section 7). Clearly (2.4) is true if @ is
eventually non-decreasing. Moreover,
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2Qk+n-1 4k ZQ(k+1) c
fm = fEek+1-1
2Q2(k+1) ZQ(k+1)-1 n ¢
FIGURE 2.4

Lemma 2.4. If Q is eventually non-decreasing and Q(k) — oo, then there exists
ko such that for all k > kg, di is a closest return and there is no other closest
return past dy, .

Proof. Suppose that kg is such that Q(k + 1) > Q(k) for all k& > ko, and take ko
such that Q(k) > k; for all k > ko.

We will first show that di41 € (d, dk) for all k > kg. Suppose by contradiction
that dj, € (dgy1,dps1) for some k > ko. Then Q(k +2) < Q(k + 1), so in fact
Qk+2) = Q(k+1) =n By (22), di € (dkt1,2n) U (2n,di+1). AS diyo =
[ (dit1), deg1 = [ (dy) and f5(2,) = ¢, dpp1 € (dpg2,c). It follows by
induction that Q(k+j+1) = Q(k + j) for all j > 1, contradicting our assumption
that Q(k) — oo.

Next suppose that ¢, is a closest return for some Sy < n < Sky1. Without
loss of generality we can assume that ¢, € (di,c) and di, € (2Q(k+1)—1, 2Q(k+1))-
Write m 1= n — S < Squs1). As ¢, is a closest return, M, _1(c1) > c¢. Hence
also M, (dy) > ¢ and H,,(di) contains a preimage x of ¢. As there are no points
of f=™(c) in (2Q(r+1)-1,¢); f™(2Q(k+1)—1) € [¢, cn]. Because zg(p11)—1 is a closest
precritical point, in fact f™(zqr+1)-1) = ¢, 50 m = Sg(u4+1)—1- It follows that
2Q+1)—1 € f™(dk, 20k+1)]) = [2Q2(k+1)sCn]. See Figure 2.4. Therefore r :=
n+ SQk+1)—1 18 a cutting time. Furthermore,

7= Sk +25Q(k+1)—-1 = Sk+1 + SQk+1)—1 — Q2 (k+1)
< Sk+1+ SQ(k+2) = Sk+2.
Hence r = Sky1. But then Q(Q(k + 1)) = Q(k + 1) — 1, and because @ is non-
decreasing, f is renormalizable with period Sgx+1)—1. Passing to the renormaliza-

tion (which has a non-decreasing kneading map) and repeating the arguments, we
get the result. O

Let t£ be such that
Hs,—1(e) = (&, ).

Notice that t£ ¢ [ca, 1], SO t'}; is not the image of any point t;. The notation is just
to indicate that t'}: is close to ¢/.

Lemma 2.5. Let x := min{k | Q(k) > 0}. Then for all k > rk, Mg, _1(c/) =
fsk_l(zg_l,tg) C (dQ(k)adQ2(k))' If (24) holds, then Msk_l(cf) = (dQ(k),dQ2(k)),
for k sufficiently large.

Proof. By (2.1), at least fS+=1(2{_,) = dou). For k = &+ 1, fS1(t]) = c1 =
dg2(k), as one can verify by hand. Now take k > s + 1 arbitrary and suppose
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ZI{—I ef tI{ t£—1
fsk—l -1

[ dk—l 2Q(k)—l dQQ(k—l)
f3am)-1

4o (k)-1 Yk c
320

dotwy ¢ di dQ2(k)
FIGURE 2.5

without loss of generality that d_; > c¢. Therefore by (2.2), dp—1 € (¢, Zgr)—1)- If
(2.5) Zquy-1 € (di—r, F5 71t ),

then by construction of Hg, _1(cf), fskfl_l(t'};) = 2Q(k)—1. Hence fsk_l(tﬁ) =
[520) (20(k)—1) = dg2a- If (2.5) is false, so fskfl_l(ti_l) € (dx—1,2Q(k)—1), then
tl =], and 3 1(t]) € f59® ((dy_1,20()-1)) = (dr,dg2()). This proves the
first statement. If fSkfl_l(tﬁ_l) = dg2(k—1) and Q(Q?*(k—1)+1) < Q(k), then (2.5)
is satisfied. In this case all the relations of Figure 2.5 (with yj := f%e®-1(dy_1))
are true. By induction the second statement follows too. (]

For the proofs of the following statements, we refer to [Ma2].

e A point z is said to be nice if its forward orbit does not enter (z, Z).

e An interval is called nice if it is symmetric and has nice boundary points.

e Let V' be a nice interval and let m > 0 be the smallest integer such that ¢, €
V. Then because f is not renormalizable, f™ (V') contains a boundary point
x of V in its interior. Pulling back this point along the orbit ¢, ¢y, ..., ¢, We
obtain two points y and ¢ in V. y and ¢ are nice. Define ¢ by (V') = (v, 9).

e Let V be a nice interval and x ¢ V. If n is the first visit time of z to V', then
M, (x) D V.

o Additionally, let « ¢ ¥ (V), and n be the first visit time of  to ¥(V'). Then
M, (z) D V.

3. PERSISTENT RECURRENCE AND RELATED NOTIONS

In this section we discuss several notions concerning the recurrence behaviour of
the critical point:

e Johnson and Guckenheimer [GJ] introduced critical monotonicity as a suffi-
cient condition for the NON-existence of absorbing Cantor sets.

e Blokh and Lyubich [BL2] gave a necessary topological condition (r,(x) — 0
for z € w(c)) for the existence of absorbing Cantor sets.
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e In complex dynamics the notion of persistent recurrence has been used: it
refers to Yoccoz’ 7-function. Real interpretations of persistent recurrence
appear in papers of Lyubich [L1]-[L2].

e The existence of absorbing Cantor sets was proven for sufficiently flat Fi-
bonacci maps. In this paper we show that absorbing Cantor sets can also be
found for more general, Fibonacci-like, maps.

It is not clear from the start which condition implies which, and in fact the
difference is very subtle in some cases. In this section we want to classify the
several versions of recurrence and discuss their relations (knowing that some of
these relations were proved in [BL2], [L1], [Mi2]).

(C1) fis Fibonacci—like, i.e. k— Q(k) is bounded.

(C2) Q(k) —

(C3) Rn(c1) — 0

( 4) For every neighbourhood U > ¢ there exists N such that for every n > N,
M, (c1) does not cover a component of U \ {c}.

(C5) For every symmetric neighbourhood U 3 ¢ there exists N such that for
every n > N, M,(c1) DU

(C6) For every symmetric neighbourhood U 3 ¢ there exists N such that for
every n > N: ¢pq1 € U or M, (c1) p U (i.e. fis NOT critically monotonic).

(C7) For every nice interval U 3 ¢, there exists N such that for every n > N:
ent1 € U or My(c1) pU.

(C8) rp(c1) — 0.

(C9) w(c) is a minimal Cantor set containing c.

Proposition 3.1. The following implications hold:
(C1) = (C2) & (C3) & (C4) = (Ch) = (C6) = (C7) & (C8) = (C9)
Here = also means that the reverse implication is false.

Proof. (C1) = (C2): Trivial.

(C2) # (C1): Trivial.

(C2) = (C3): Lemma 2.5 states that Mg, _1(c1) C (dgery, dg2(k))- If Q(k) —
then Rs,—1(c1) < ldoer) —do2m| < l2q@u+1-1 ~ Za@2 (k) +1)-1] — 0 as k — oo.
By the Contraction Principle, also R, (c1) — 0.

(C3) = (C2) lim,, R, (c1) — 0 implies limy, Rg, —1(c1) — 0, whence |d — ¢| — 0.
As (dk, C) 2 ZQ(k+1) Or 2@(k+1), Q(k) — 00.

(C3) = (C4): Trivial.

(C4) = (C3): Assume by contradiction that liminf R, (¢1) > e > 0. Then there
exist arbitrarily large integers n such that |M,(c1)| > €. Due to the Contraction
Principle, there exist 6 > 0 and arbitrarily large integers m such that |M,,(¢c1)| > 6
and M., (¢1) > c. Therefore M,,(c1) contains a component of (¢c—6/2,c+8/2)\ {c}.

(C4) = (C5): Trivial.

(C5) # (C4): See Example 11.2.

(C5) = (C6): Trivial.

(C6) # (C5): See Example 11.3.

(C6) = (C7): Trivial.

(C7) # (C6) See Example 11.1.

(C7) = (C8): Assume (C7) holds but limsupr,(c1) = § > 0. Choose a nice
interval V' so small that according to the Contraction Principle no interval of length
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> 26 can be mapped in a monotonic way into V. Let n be arbitrary such that
rn(c1) > 6. Let m > n be the smallest iterate such that ¢,,+1 € V. As V is nice,
My—n(cn+1) DV, and by the choice of V', Hy—pn(cnt1) N fP™(V) C My(c1).
Therefore also M, (c1) D V. Since this can be done for infinitely many n, (C7) is
false after all.

(C8) = (C9): As rp(c1) — 0, ¢ is recurrent. Recall that f is assumed to have
no periodic attractor, so #(orb(c)) = oo. Assume by contradiction that w(c) is not
minimal. Then ¢ is not uniformly recurrent. Therefore there exists a set V > ¢
such that b(n) := min{k —n | £ > n, ¢, € V} can be arbitrarily large. Without
loss of generality assume that V' is nice. If ¢, € V, then we can pull V back
along the orbit ¢, cni1,...; Chyp(n), Obtaining an interval V;, C V. As V is nice,
Vi NV, = 0 if b(n) # b(m). (In particular, V; is the only interval of this kind on
which f°(") = fb(©) is not monotone.) Because b(n) can be arbitrarily large, there
are infinitely many sets V.

Next take m(n) = min{k > 1 | ¢, € V,,}. Then for each V,,, there exists a set
V! 3 ¢; such that ™™= maps V! monotonically onto V;,.

Now let U := (V). As f is not renormalizable, U # V. Let 6 be the minimum
length of the components of V' \ U. Let m/(n) := min{k > 0 | ¢;y(n)1x € U}. Then
there exists VD ¢; such that f™ (+m(m)=1 maps V monotonically onto V, with
Crmy(n)+m(n) € U. Therefore 7,/ () 4mm)—1(c1) > 6. Because this is true infinitely
often, 7 (c1) # 0.

(C9) # (C8): Counter-examples appear for example in [GT].

(C8) = (C7): Suppose (C8) is true, and, by contradiction, that (C7) is false.
Therefore there exists a sequence of iterates n; such that M,.(c1) DV 3 ¢p,+41,
where V is a nice interval. Because (C8) is true, d(¢cp,+1,0V) — 0 as i — oo. This
means that OV Nw(c) # 0, and w(c) is not minimal. This contradicts the previous
(C8) = (C9) implication. |

The notion of persistent recurrence comes from complex dynamics: A quadratic
map f(z) = 22 + ¢ has a persistently recurrent critical point if 7(k) — oo. Here
7 is Yoccoz’ 7-function in the critical tableau. In order to relate this property to
the ones we already have, we will assume in the next lemma that f(z) = 2% + ¢,
c1 € R, instead of just a smooth unimodal map. Because of the notation ¢;, we can
maintain c¢,, as the n-th iterate of the critical point.

Lemma 3.2. ¢ is persistently recurrent if and only if r,(c1) — 0.

Proof. We will use the notation from [Mi2]. P, (z) denotes the order n puzzle piece
containing x.

First recall that the two boundary points of P,(c) N R are preimages of the
orientation-reversing fixed point p. They are symmetric to each other, and nice. In
other words P,(c) N R is a nice interval for each n.

Because of Proposition 3.1, it suffices to show that persistent recurrence is equiv-
alent to property (C7). Assume by contradiction that ¢ is not persistently recurrent.
Therefore liminf,, 7(n) = k < co. Take n arbitrary such that f"~* maps P,(c) by
a two-fold covering onto Pj(c). Then f"~*~! maps f(P,(c)) NR to a fixed nice
interval Py(c) "R 3 ¢p—g. Therefore (C7) is false.

Conversely, assume that (C7) is false, and that V' is a nice interval such that
M, (c1) DV 3 cpyq for arbitrarily large n. Take k minimal such that Py(c)NR C V.
For n as above, let m > 0 be the smallest integer such that ¢, 4n+1 € Pr(c) NR.
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It follows that f"*™*! maps P,im+1(c) by a two-fold covering onto Py (c) N R.
Hence 7(n +m + 1) = k for arbitrarily large numbers n, and ¢ is not persistently
recurrent. O

Lemma 3.3. We have r,(c1) — 0 if and only if r,(x) — 0 for every x € w(c), in
which case r,(xz) — 0 uniformly.

Proof. <  Trivial. Notice that it immediately follows that w(c) is minimal. In-
deed, if for some x € w(c), ¢ ¢ w(x), then r,(x) 4 0.

= Assume that there exists {z,,} C w(c) such that limsup,, r,,(x,) > § > 0.
Choose ¢ € U = (V) € V so small that for every interval J of length > 26,
f(J) ¢ V for every n > 0. We already know that w(c) is minimal, so ¢ € w(zy).
Choose n arbitrarily large such that r,(z,) > 6, and set mq(n) := min{k > n |
f¥(z,) € V}. Pull V back along the orbit x,, f(z,), ..., f™ ) (x,), obtaining a
neighbourhood of V,, of z,,.

Let ma(n) := min{k > 1| ¢, € V,,}. This gives an interval V] > ¢; which is
mapped monotonically onto V by fm(m+m2(n)=1" Finally, let ms(n) := min{k >
0 | ¢my(n)+ma(m)+k € U}. Then there exists an interval V) 5 ¢; which is mapped
monotonically onto V by f71(m+ma(n)+ms(n)=1 and moreover Crmy (n)+ma(n)+ms(n)
€ U. Because this happens infinitely often, ri(c1) 4 0, a contradiction.

Corollary 3.4. If r,(c1) — 0, then x € B(w(c)) if and only if r,(z) — 0.

Proof. If x ¢ B(w(c)), then there exist 6 > 0 and arbitrarily large iterates n such
that d(f™(z),w(c)) = d(f™(x),orb(c)) > é. Since M, (x) C orb(c) U{0,1}, it is
clear that limsup,, r,(z) > 6.

For the other direction, assume that limsup,, r,(z) = é > 0. Since r,|w(c) —
0 uniformly, there exists N such that rn|w(c) < ¢ for all n > N. Let L :=

sup j ‘fl(JJl)I (supremum taken over all subintervals of [cz, ¢1]), and € = ALLLN. Assume

by contradiction that z € B(w(c)). Then there exists M such that d(f™(z),w(c)) <
e forallm> M.

Pick n > N + M such that r,(z) > 2. Then there exist neighbourhoods V O
U of f"~N(z) such that fN|V is monotone, fN(V) = (f"(z) — &, f™(z) + %),
and fN(U) = (f*(z) — &, f*(z) + 2). By definition of e, each component of U \
{f"=N(x)} has size > e. Asn— N > M, there exists y € UNw(c). But that means
that 7y (y) > d(fN (y), f¥(0V)) > 2, contradicting the definition of N. O

4. THE INDUCED MaApP F

In this section we introduce the induced map used in sections 6 and 8. We will
construct a countable interval partition, given by points {uy} U {dy}. These points
are defined as follows: @; = p is the orientation-reversing fixed point of f, and
hence u; = p. Assume that u; is defined for every i < k.

The iterate f1 maps (zx_1,c) and (c, 2x_1) diffeomorphically onto (dy_1,c).
Let uy, € (2k—1, 2k) be such that

£t (uy) = uQk)+1 € (2Qk)> 2@y +1) i de1 <,
’ELQ(k)+1 S (2Q(k)+17 éQ(k)) if dg_q1 > c.
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See Figure 4.1. Then also
SO (ug) = 590 o f9R1 (ug) = 50 (ugry41) = UQ(QUk)+1)+1-
Let U = (p,p) and Uy, = (ug—1,ur). The induced map F is defined as
FlU, UU, = f5%1.

Hence

A e if dy 1 < c,
F(UL) = F(0y) = (uQ(k)+15 UQ(Q(k }>+1>+1) ifdy—y <ec
(UQQk-1)+1)+1, UQy+1)  if dj—r > c.

Clearly F is a Markov map, i.e. F preserves the partition {Uy}. F is also an
extendible Markov map. By this we mean that

fo=1(Hs,_,(Uy)) D Hs,_, (U,) whenever F(Uy) D U,.

Here Hs, ,(Uy) is the maximal interval containing Uy, on which f°¥-1 is monotone.
Indeed, as Hs, , (Ux) = (25—2,¢),

Fo (2h—2,€) = (doei—1)> dk—1) D Hs,_, (Ur) = (2r-2,¢),
for each U, C F(Uy). As F is a Markov map, there exist well-defined cylinder sets:
Uip,in_s ={z | F™(x) € U;,, U Ul-m for 0 <m < n}.
Because F' is extendible Markov, its iterates have the same property:

Lemma 4.1. Let V = Uy, i, be an arbitrary cylinder. Therefore F"=Y(V) =
Uk, k = in_1 and F™(V) = f7(V) = (u@k)+1, WQ(Q(k—1)+1)+1) o its involution.
Then

FrHA(V)) =[5 (Hs,, (Ur)) = [ (k=20 ¢)) = (doea-1)» dk—1)-

Proof. Use induction. O

5. RANDOM WALKS GOVERNED BY F

The main tool for the proof of the (non-)existence of absorbing Cantor sets is a
random walk on the states Ug. The transitions from one state to another are given
by the induced map. Write ¢, (z) = k if F"(z) € Uy U Ug. In order to prove that
x € B(w(c)), one needs to check the asymptotic behaviour of ¢, (z).

Lemma 5.1. i) If Q(k) — oo and lim,, ¢, (z) = oo, then v € B(w(c)).
i) If rn(c1) — 0 and € B(w(c)), then lim, ¢, (x) = 0.
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Proof. i) As lim, ¢(z) = oo, |[F""}(z) — ¢| — 0. By definition, F"~!(z) €
Ug,_(x). Because Q(k) — oo, also |[F"™(x) —d, _,(z)—1] — 0. It follows from the
Contraction Principle that also for the intermediate iterates (i.e. for r1 < r < 7y
where F"~1 = f™ and F* = f"2), d(f"(z), f7""(c)) — 0 as n — oo. Hence
d(f"(x),w(c)) — 0.
ii) Assume by contradiction that kg := liminf,, ¢, (z) < co. Let
6:= min min{|zg—2 — uk—1|, |ur — ¢}

Take n, s such that F*(z) = f*(x) € Uy for some k < kg. Then by Lemma 4.1,
H(z) D (2-2,¢), whence rg(x) > 6 > 0. Since this holds for arbitrarily large s,
limsup, 75(x) > 0. According to Corollary 3.4, x ¢ B(w(c)). |

The asymptotics of ¢, can be computed from the expectation E(y, — @n_1),
taken with respect to normalized Lebesgue measure on U. If E(p, —¢n—1) > € > 0,
then we expect that lim,, ¢,(z) = oo almost surely. To prove this, we will use
conditional expectations. We also need boundedness of the variance. For this
reason, we will use functions ¥, < ¢,, which satisfy ¢, — oo if and only if
1, — 00, but also have bounded conditional variances.

Theorem 5.2. Let ¢, : U — R, n € N, be functions satisfying the following
conditions:

® 1,1 is constant on each cylinder Uy, i, _, .

o There exist ki € N and 6 > 0 such that for every cylinder U,y . i, , with
in—1 > ki, E(Yn — n—1|Ui,...i,_,) > 0.

o Var(ty, —vn—1| Ui, .i,_,) is uniformly bounded.

Then the set X = {x € U | ¢n(x) — oo} has positive Lebesgue measure.

Proof. We first restrict ourselves to Xo = {x | pn(x) > ky for all n}. Define
v, = (wm - wm—l) - E((d]m - wm—l)lUio...im,l)' Then E(\IjmlUio...im,l) =0 and
there exists V' such that Var(¥,, | Uy i, ) = E(Y2, | Uy 4, ,) < V for all
m and all cylinders Uj,. 4, ,. Let T, := > _ U, so E(T?) = E(¥3) < V.
By assumption 7,,_; is constant on each set U;,. ;. ,. Suppose by induction that
E(T2_,) < (n—1)V; then

n—1
E(T7) =E(T;_1) + E(3) + 2E(V5 T, 1)
<S-DV+V+2 > E@Tar]| Ui i, )
Uig..cipg—1
<nV+2 Y Thoy-E(, | Uiy, ) =nV.
Uig..cipy—1

By the Chebyshev inequality, P(|T,,|] > ne) < n’;‘; = an2 In particular,
P(|T,2| > n%¢) < . Therefore Y, P(|T,2| > n%¢) < oo and, by the Borel-

Cantelli Lemma,
P(|T,2| > n’¢ infinitely often) = 0.
As ¢ is arbitrary, T},2/n? — 0 a.s. Now for the intermediate values of n, let

Dn = max |T}.C — Tn2|.
n2<k<(n+1)2
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Because |T), — Tp2| = | S2F V|, E(|Ty — Tp2|?) < (k —n?)V < 2nV. Hence

j=n2+1
(n+1)2-1 (n+1)2-1

E(D2)<E( Y. |Ti-Te)< Y 20V =40V
k=n241 k=n2+1

Using Chebyshev’s inequality again, we obtain
4n?V 4V
2 —
P(Dnzn'e) < Ti = 12

Hence P(D,, > n%c infinitely often) = 0, and D,,/n? — 0 a.s. Combining things
and taking n? < k < (n +1)2, we get

B _ [Tl + Dy

kE — n?

Because Y — Ym—1 = Wi +E(Wm — Ym—1 | Uiy._ipy 1) = Vi + 6,

— 0 a.s.

n

1 1
lim inf — > (Wi = i) > liminf =T, +6 > § as.

n—oo N
=2

XoNXNU
Hence 9, (z) — oo for a.e. € Xj. Therefore W — 1 as k — oo, whence

|X| > 0. |

6. MaPs HAVING ABSORBING CANTOR SETS

Theorem 6.1. Let f be a non-renormalizable S-unimodal map with critical order
{ < oo. Let its kneading map @Q satisfy the following properties: There exists
N, k1 € N such that for all k > kq,

(6.1) Qk+1)>Q%*k)+1
and
(6.2) Q(k) >k — N.

Then there exists Lo = Lo(N) such that, if £ > £y, then [ has an absorbing Cantor
set.

Remark. Condition (6.1) is rather unnatural. It will be used effectively in Lemma
10.2. Note that (6.1) is satisfied if f is finitely renormalizable (use Lemma 2.3)
and @ is eventually non-decreasing. Note also that (6.1) immediately implies (2.4).
Hence Lemma 2.5 applies. We need (6.1) for the estimates, but we don’t believe
that it really affects the existence of an absorbing Cantor set.

According to Theorem 5.2 it suffices to check certain conditional expectations
and variances. This will be done in Proposition 6.2. This proposition uses the
following metrical conditions: There exist C, ¢y > 1 and k; € N such that for all
V4 Z go and k Z kl

1 |uk_1 — uk| C
6.3 —_— <= < —
(6:3) Cl ™ |ug—1—c| — £
and
di | —
(6.4) 1 _| k=1 = UQ(k)+1] < g
Cé |’LLQ(k)+1 — C| é

The proofs of these statements are a generalization of the proofs in [BKNS]. They
are very technical; we put them in section 10.
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Proposition 6.2. Let f be a Fibonacci-like S-unimodal map having critical order
¢ and kneading map Q. Let k1 be such that (6.3) and (6.4) hold. Then there exists
by < o0 such that if £ > Ly, and Uy,,...o,_, 5 a cylinder with p,—1 > ki, then
E(en — @n-1 | Upo,...on_r) > 1 and Var(en — on—1 | Upy,...pn_1) is uniformly
bounded.

Proof. Let V = Uy,,...x,_, be any cylinder set such that ¢,_1 > k;. Since F is
extendible Markov, the Koebe space corresponding to F™|V depends only on the
last application of F' in the composition. In other words, suppose that F" = f*
and F"~1(V) = Uy; then f*(Hs(V)) = f5%1((c, zk-2)) = (dg(r—1)> dr—1)-

To be definite, assume that dgx—1) < ¢ < dg—1. We will only calculate the
conditional expectation and variance on the part V° C V that is mapped to
(u@(@(k—1)+1)+1,¢). The estimates for the part V1 of V which is mapped onto
(¢, liQ(k)+1) are similar.

Abbreviate ¢ = Q(Q(k—1)+1)+1 > k —2N. For r > ¢, let v, € V be such
that F™(v,) = u, and F™(vy) = ¢. Also let V. = (v, v,.—1) (see Figure 6.1).

By (6.3), (1 - §) < lsize < (1 = 1) whence

lui—c]
C.,_:  |ui—( 1.,
1— 2y < T8 g -~ yimd,
( ﬂ) = uj — = Cﬂ)

Using also (6.4), we obtain that for ¢ sufficiently large, and k < r < g + ¢, there
exist K = K(C,¢) > 0 such that

|dQ(k—1) - uq| > |dQ(k—1) - Uq| |uq — c| 1
[y = url = g =l Tugo — e 1= Jeel
1 - ¢ K
e >

7
Cl1-(1-%)y-a~r—q
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and
|U| _ Uy | |uy—1 — | 1
lug = ur—a|  |ur—1—c| |ug—c| 1 - %—l_z‘cl

L -9k
TCl1-(1-&)yte T r—q

These relations and the expansion of cross-ratios (with L = U,., J = (u,_1, uq) and
R = (ug,dgr—1))) yield, for k <r < g+,

d 9y — 2
Vil IR Mouey—udl U K

or—t —vgl 13l = [T 171 = ldgu—r) — url g — wra] = (r — @)%

Hence the conditional expcctation
E(pn —k | V") = v0| Z k)il

ot { 2N vk — vg| + (€ = 2N) vyt (g — Voo

|V0|
q-+[¢]
+ > K |UJ 1~ vgl}
Jj=k+1
1
> |V0|{( logZ 2N) v — vg| + (€ = 2N)|vg41 — Vool}-

for ¢ sufficiently large. Hence E(p, — k | V?) — 00 as £ — oo.
Let us compute the variance. For j > k, the interval (u;,c) has Koebe space
(dg(k—1),u;) which is at least of order . This gives a distortion bound of O(¢?):

Var(gn — KV°) < B((pn — K)2V0) = = 3" — k)?|V|

Vo] 2

V;
< AN 4D (- k) H
>k
2 2 . 2 |u; — ¢
>k k
1
SANP+O(P)Y (G- k)1 - i Ik — 4N? 4 O().
>k
This concludes the proof. O

Proof of Theorem 6.1. Combine Proposition 6.2, Theorem 5.2 and Lemma 5.1. O

7. ESTIMATES ON 14Ukl

[uk—cl

In this section we concentrate on the relative space between wuy, and u; (or sim-
ilarly, the relative space between zj and z;) for [ > k. Let € > 0 be arbitrary. We
introduce the function p. to measure how much |z; — ¢| is smaller than |z, — ¢|
in factors 1 —e: |z — ¢ & (1 — )P=W=r(R)| 2 — ¢|. More precisely, we define
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p=ps: N—= Nbyp):=0,and if | < k — 1 is the largest integer such that
p(l) = p(k — 1), then

[21—c]

plk—1)+1 if =zl > o
p(k) = {

plk—1) otherwise.

Hence p(k — 1) < p(k) < k for each k > 1, and for k > [, IIZZ’;:CCII < (1 —¢g)P=r),

Because zi, € (ug, ug—1) for all k, also % < (1 —¢g)PR)=p),

In this section we will try to estimate p using conditions on (. For instance,
if @ is eventually non-decreasing, then p(k) = p(k) + 1 for k sufficiently large and
¢ sufficiently small. (One should think of ¢ = O(¢~2).) Hence |uy — c| decrease
exponentially in this case.

Remark. One of the main difficulties in getting estimates for ‘Z‘:i :‘cl for arbitrary

unimodal maps is the occurrence of almost saddle node bifurcations. We speak of
an almost saddle node bifurcation of period n if the graph of the central branch of f™
is disjoint from, but almost tangent to, the diagonal. At the bifurcation itself, i.e.
when the graph of the central branch is tangent, a neutrally attracting n-periodic
point, say ¢, is created. Without loss of generality, assume that ¢ < c¢. Then the
precritical points z; accumulate on g. By a continuity argument one can show that
close before the bifurcation, the precritical points 2y, 2k+1, ..., Zk+j, cluster together
around the spot ‘where ¢ is going to appear’. Here the period n = Sy —Sg2 (1) and jo
can be arbitrarily large. Therefore p.(i) can be constant for arbitrarily long pieces.
However, we think that the occurrence of almost saddle node bifurcations does not
affect the (non-)existence of absorbing Cantor sets. (The existence of absolutely
continuous invariant probability measures is a totally different matter; cf. [B1].)
As we cannot support this remark by rigid estimates, we will exclude almost saddle
node bifurcations by assumption.

The estimates in this section rely on one technique developed by Martens [Mal]-
[Ma2], and involve nice points. We will use the following weaker version of niceness:

(7.1) fi(z) ¢ (x,2) for every j < Sy,
where Sj is minimal such that ¢ € f% ((z, c)).

Proposition 7.1. There exists 6 = §(¢) > 0 with the following property: Let x €
(zk—1, 2x) satisfy (7.1). If the interval J and n € N are such that f"|J is the
monotone first visit of J to (x, %), then there exists T D J such that f™|T is
monotone and f™(T') contains a 6-scaled neighbourhood of (x, ).

Proof. Let M := (x/,¢;). Then f5+=Y(M) > ¢, and by assumption f/(M)N(z, %) =
() for j < Sk — 1. Let m < S be such that |f™(M)| < |f/(M)] for all j < S. Let
r,1 < Sk be such that f7(M) and f'(M) are the closest right and left neighbours
of f™(M) that are still disjoint from f™(M). Both neighbours need not exist, for
instance if m € {0,1}. In those cases define the disjoint right or left neighbour
as the appropriate boundary point of I. It follows that [f!(M), f"(M)] contains a
1-scaled neighbourhood of f™(M). (This holds true also if the closest disjoint left
or right neighbour does not properly exist and |z — ¢| is sufficiently small.)

Let H be the maximal interval such that f™|H is monotone and f™(H) C
[fY(M), fr(M)]. We claim that

FH) = (M), f7(M).
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Suppose by contradiction that f™(H) C [f/(M), f"(M)]. Let L be a component
of H\ M. If 9I N OL # 0, then also f™(0L) N JI # ), and we already have a
contradiction. We can assume, by maximality of H, that there exist j < m such
that ¢ € fI(OL). As fI(M) N (z,2) = 0, it follows that f™(L) D> fm ==Y M)
and fm=I=1(M) N f™(M) = 0. This contradicts the definition of closest disjoint
neighbour, proving the claim.

Due to the expansion of cross-ratio, we can pull [f'(M), f"(M)] back along the
orbit M, f(M), ..., f™(M) and show that H contains a 3-scaled neighbourhood of
M. Let H' = f~1(H); then H' contains a é-scaled neighbourhood of (z, %), where
5= o(0) = O(L).

Now let J and n be as in the statement of the proposition. To finish the proof,
it suffices to show that there exists a neighbourhood 1" O J such that f™ maps T
monotonically onto H’'. Let T' D J be the maximal neighbourhood of J such that
f™|T is monotone and f™(T) C H’. Suppose by contradiction that f™(T) C H'.
Let L be a component of T\ J. By maximality, there exists j < n such that
c € 9fJ(L). By assumption fI(J) N (z,2) = 0, so f*(L) D f*7=YM) and
fr9=Y(M) is disjoint from (z,2). As f™*! is monotone on each component of
H'\ {c}, also f**™*1|L is monotone, and f*+tm+Li(L) > frtm=J(M), which is
disjoint from f™(M). However f% ((x,#)) 3 ¢, 0 n+m — j < Sk. Again, this
contradicts the definition of the closest disjoint neighbours of f™(M). O

Remark. In the second half of the proof it is not necessary that f7(.J) is disjoint
from (z, %) for all j < n. It suffices if f7(J) N (z,42) = 0 when ¢ € df7(L).

Corollary 7.2. There exist K({) and €(¢) > 0 such that if c; ¢ (di,dy) for all
0<j < Skt1, then dis(fo1, (z,{,cf)) < K(¢) and % >e(0).

In particular, p.(k) = p.(k — 1) + 1. If Q is (eventually) non-decreasing, then
dy. is a closest return for every k sufficiently large (Lemma 2.4). This implies that
there exist ko, R € N such that p(k) = k — R for all k > ko.

Proof. We use Proposition 7.1 with « = dj,. Because ¢; ¢ (dx, Jk) for 0 < j < Sk+1,
we have f7((dy,dr)) N (di,di) = 0 for 0 < j < Sogrs1)-

Let b be the middle point between ¢ and dy, and let J, (2], ¢/) € J € (2]_,,¢/),
be such that fS<~1(J) = (b,dy). Let T = Hg,_1(c’); then zg_l € IT. As
fsk_l(z,{_l) = dow) ¢ (dg,dy), f51(T) contains a one-sided 1-scaled neigh-
bourhood of (b, dj) at the side of b.

Because ¢; ¢ (di, dy) for j < Si, one can show that f5+~1(T') also contains the
component of H'\ {c¢} containing di. Here H' is as in the proof of Proposition 7.1.
Hence fS¢—1(T) contains the necessary é-scaled neighbourhood of (b, ds), where
6 = 6(¢) is as in Proposition 7.1.

Hence f°<~1|J and fsk_1|(z£, ¢f) have bounded distortion. Moreover, |J| >
1+ (9(6))|z,{ — ¢f|, so the second statement follows by non-flatness. O

The next corollary gives a weaker condition implying p(k) = p(k — 1) + 1. Let
pr € (2k—1,2k) U (2k, Zk—1) be the orientation-reversing Si_i-periodic point of f.
By definition of closest precritical point, f7((zr_1,2k)) N (zx—1,2k—1) = O for all
0 < j < Sk—1. Hence py, is a nice point.
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Corollary 7.3. There exist 5(£), e(£) > 0 with the following properties: For k arbi-
trary, let n be such that f"_l(ti) = c. Assume that f"(c) ¢ (PQ(k+1)—1,DQ(k+1)—1)-
Then fS’“_1|(z,{, c!) has Koebe space § on the side of dy,. If also |dr—c| < |dgu) —cl,
then |‘Z’“*17_Z’“‘ > ¢,
2k —1—c|

The assumptions are such that the positions in Figure 7.1 hold. For example,
if (2.4) holds, then Lemma 2.5 shows that n = Sy — Sg2(1) for k sufficiently large.
One can verify that the assumptions of Corollary 7.3 hold if Q(k + 1) > Q*(k) + 2
and Q(k + 1) > Q(Q(k) + 1) for k sufficiently large.

Proof. The proof is similar to the proof of Corollary 7.2. Take z = pory1)—1-
Therefore x is nice and dy, € (z,2). Let J > ¢/ be the maximal neighbourhood of
¢f such that f9+=1(J) C (x,2). Let L C (¢f,1) be the maximal interval adjacent
to J on which fS¥~1 is monotone. According to the remark below the proof of
Proposition 7.1, it suffices to check that f7(J) N (x,2) = 0 if 9f/(L) > c¢. By
assumption j = n — 1, and f*(c) ¢ (x,%). Hence f*~(J) N (z,2) = (). Therefore
the (one-sided) Koebe space is sufficiently large. If also [dg) — c| > |di — ¢|, then

|zk—1—2K]

—&L > ¢ follows by non-flatness. O
[2k—1—c]|

8. Mars HAVING NO ABSORBING CANTOR SETS

Theorem 8.1. Let Q be a kneading map satisfying
(8.1) k—Q(k) — o0 as k — oo.

Let f be a non-flat S-unimodal map and have kneading map Q. Assume also that
there exist N € N and € > 0 such that

(8.2) pe(k + N) > pe(k),
for all k sufficiently large. Then f has no absorbing Cantor set.

From the previous section one can derive topological conditions that imply (8.2).
The simplest such condition is that @ is (eventually) non-decreasing. Hence The-
orem 8.1 yields that every non-flat S-unimodal map with & — Q(k) — oo and
Q(k+1) > Q(k) for k sufficiently large has no absorbing Cantor set.

Instead of F' we will used a reinduced map G, which has better distortion proper-
ties. In this section let % (z) = k if G"(z) = k. Clearly ¢S (z) — oo if ¢, (x) — co.
For the proof of Theorem 8.1 we use Theorem 5.2. Therefore we need to check cer-
tain conditional expectations and variances. But even the adjusted functions ¢&
are not adequate. First of all, ¢& are, so to speak, in the wrong direction: We need
to prove that ©%(x) does not tend to infinity for most points. Second, ¢& will not
give us bounded variances. Therefore we will use a certain truncation of —¢¢.
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Proof of Theorem 8.1. Let ko be such that p.(k + N) > p.(k) for all k > ko. Let
K := (1%)2 be a distortion bound, and let M € N be so large that

Me—-K>» jl-ey/N>1.
320

Let k1 > ko + M + N + 2 be so large that Q(k) < k— M — N — 2 for all k > k;.

Now we define the reinduced map G. Let = be such that F™(z) is defined for
all z. Let ¢ = i(x) > 1 be the smallest integer which satisfies one of the following
properties. (Take r such that F'~'(z) € U, UT,.)

o r < k.

e r > k1 and there exists a neighbourhood V' > x such that F' Z'|V is monotone

and Fl(V) D (uko,ﬂko).
o r >k and Fl(x) S (UT—M—N—17’&T—M—N—1)-
Then
G(x) := F'(x).

For s > k1, G|Us consists of a middle branch G : V — (us—p—n—1,Us—pM—N—1)
coinciding with F': V — (us—p—nN—1,Us—pm—n—1). All other branches of G|Uj, are
longer. Note that G is well-defined for a.e. z € U: Either z € |J; ; 79 (ug U i)
(which applies to countably many points only), or i(z) is finite. Indeed, if i(x) = oo,
then @, (z) < ¢p—1(x) for all n. This is of course impossible.

The branches of G™ have nice distortion properties. First of all, as G is an
induced map of an extendible Markov map F', G is also extendible Markov, and
it inherits the Koebe spaces of F. Before giving detailed distortion results, we
introduce some more notation. Suppose V C Uys G is a branch-domain of
G™. Let V;t C V be such that G*(V;f) = U,, and let V- C V be such that
G"(V;7) = U,. Assume ¢S (V) = s > k. Hence G"(V) contains an e-scaled
neighbourhood of (us, %s). In particular, G™(V') contains an e-scaled neighbourhood
of U,», G"(V;F UV,7). By the Koebe Principle, it follows that

"V Uy, GM VUV 1|6 (V)

(8.3) K

VI 7 U (VFuvin) — K|V
Assume that G™(V) = (ug, Gp), and let W C V be the interval such that G™(W) =
(g, us—pr) or (Gis—pr,@p). Then we can estimate % from below. Indeed, take

x € V such that G"(z) = ¢, and let Wy D W and W; be the components of
V\{z}. Let h: I — V be the (unique) surjective Mobius transformation such that
—1 —1

% = ‘IZ,I((V“,/))‘I and ‘hlhff/g%lv)‘?‘ = 1. Then the situation is as in Figure 8.1.

As G™(V) D (us—m,Gs—nr), |G"(W1)| > |G*(Wy \ W)|. By the expansion of
cross-ratio
P L 2 < I < LA I iU}

VI ftl T ] [Gr (V)G (Wo \W)| — |G™(V)]
Define to(z) = —§(z) = —po(x) and
Yn () = Pn1 — max{pf (z) — 5 (z), ~M}.

Clearly —1,(x) > ¢S (z) for every n. We claim that for all cylinders Ugs .06
with 4,0571 > kla E(d)n —1/)n—1 | U‘P()Ga----‘PTGLf1) > 1 and VCLT'(’L/)n _’l/)n—l | U OG LPS 1)
is uniformly bounded.
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! ) 7 . r
h
w Wo\W % W,
Gn
L J R
G"(W) Us—M ¢
FIGURE 8.1

Indeed, again let V' C U,g ¢ be a branch-domain of G™. Assume that

0% (V) = s > ky; then G™(V) = (ug, @) O (Us—m—N-1,TUs—nm—nN—1), Whence
G™(V) contains an e-scaled neighbourhood of (us—ps,@s—nr). Using (8.3), (8.4)
and the choice of M,

E($n—tn_1 | V) > |17|{ S MOV =S -9V vl

r<s—M r>s
2 M|us—a _us—M| + |Aus—b _us—M| —Z(T’—S)K|ur _er|
[ua — | s Uua — |
> Me=)Y K(r—s)(1—g)rn=re

r>s
>Me—-K) (r—s)(l-g)~ >1.

r>s

For the variance (< the second moment),

Var(tn — s | V) < ﬁ{z MAVFE OV |+ 3 — sV UV

r<s r>s
< M?+ T—SQKLT_?T'
— ;( ) |ua _Ub|
< M?+ Z(T — 5)2K (1 —¢)P=r()

r>s
1

< M2+ K —8)2(1 — &)V < M2+ O(=).
< M+ é(r 5)’(1—¢) +0(5)

Suppose f has an absorbing Cantor set. Hence by Lemma 5.1, lim, ¢S (z) =
lim,, ¢, (z) = oo a.e. Yet from the above computations and Theorem 5.2, it follows
that 1, — oo on a positive-measured set X C B(w(c)). Therefore for x € X both
lim,, G (x) = oo and lim,, S () < — lim,, 1, (x) = —co. This contradiction shows,

by means of Lemma 5.1, that B(w(c¢)) cannot have full Lebesgue measure. |

9. ABSOLUTELY CONTINUOUS INVARIANT PROBABILITY MEASURES

In this section we give a sufficient condition for the existence of an absolutely
continuous (with respect to Lebesgue) invariant probability measure (acip).
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Theorem 9.1. Let f be non-flat S-unimodal. Let there exist € > 0 and kg € N
such that for all k > kg

o pe(Q(k+1) = 1) > p(Q(Q*(k) + 1)),

o p-(Q(Q(k) +1) = 1) > p-(Q(Q*(k) + 1)), and

° Zz(l — E)PS(i)_Ps(Q(i+1)) < 0.

Then f has an acip.

The first condition on p. implies that (2.4) holds. Using the results in section 7,
we can derive

Corollary 9.2. Let Q(k) be eventually non-decreasing and also limy kl_oggf) = o0.

Then every non-flat S-unimodal map with kneading map @ has an acip.

Proof of Theorem 9.1. We will prove the theorem by checking that the Nowicki-van
Strien summability condition [NS] is satisfied: f has an acip if

Z |Df"(cl)|_% < 0.

n=1
Let T} be the partial sum Zg’;l |Df™(¢!)|~%. Then, by the chain rule,

. SQue+1) )
Tipr = Tio + (DS~ S |Df(af)I7t.
n=1
By the assumptions and Lemma 2.5, there exists k1 > kg such that for all k£ > k4,
fsk_l(t'};) = d(;ﬂ(k) and |d}.C — dQ2(k)| > <€|dk — C|.
Using non-flatness and the expansion of cross-ratios, it follows that for k > k
(see Figure 9.1)

- |
[Df5(eh)| = |Df(dr)] - |Df )| = O@)]dy, — eff IH
o |t BRI ]L] oy ldi — ]
> O0)|dy, — et e > O(e)|dy — ef T
[ 1T J2] =] — |
_ a2
2 O(EE)M;“—C' > O(le) (1 — £)HPQUAHD)=p(k)}
|21, — cf |t

Now for the factor 3520+ |Df™(df)|~ %, we compare | D f(df )| with | Df™ ().
Again take k > kq, and consider the points in Figure 9.2.
By assumption

3
ld2(k1) = kil ldosern) = douwn | 2 Slde = doeiin) |



ABSORBING CANTOR SETS 2251

26(k+1) df cf th(k+1)
fSetk+n -1
dg2(k41) dr41 c dQ(k+1) d@s(k41)
FIGURE 9.2

Hence by the Koebe Principle, there exists K = O(Z) such that

Squ+y—1(gf
1 < |D fret+n = (dy )| <K
K = |DfSax+n=1(cf))

But also for n < Sgr+1) (because the Koebe spaces are the same),

1 |[DfSawn=n=1(fr(d]))|
K = D fSavinn1(fa(ehy)] =

The chain rule gives |Df"(d£)| > 22D f™(c/)]. Combining things, for k > ki we
get

) SQk+1) )
Thsr = Th + [Df ()75 Y [Df™(d])|~7
n=1
, SQk+1) )
STy + O(le)(1 — )R =P REFI T N D f(cf)| 77
n=1

< T {1+ OUeK?)(1 — )Pk —p(QU+1)) Y

Therefore
SIS e < Ty, [T 11+ Ok (1 - cpt-p(@sy,
n>1 k>k
which is finite if ", (1 — ¢)?*®)=,(Qk+1) < o0 This proves Theorem 9.1. O

10. ESTIMATES FOR FIBONACCI-LIKE MAPS

In this section we give the proofs of (6.3) and (6.4). They will follow from
Lemmas 10.6 and 10.7 and non-flatness. The estimates are a generalization of
those in [BKNS]. If Q(k) = max{k — 2,0}, we regain the estimates in that paper.

In this section, = will stand both for the point = as for the distance |z — ¢|.
Similarly, zf denotes both the point and the distance |zf — ¢f|. Let f be an S-
unimodal map whose kneading map satisfies Q(k) > k — N for some fixed integer
N. f has no periodic attractor; we assume also that f is not renormalizable. Then
Lemmas 2.1 and 2.2 yield that for every k there exists jo > 0 such that Q(k+j) = k
for 0 < j < jo, and Q(k + jo) < k. If jp is large, then we have an almost restrictive
interval; cf. [Jo]. One can verify that |¢c — dg| < |c¢ — dkt1] < ... <|c— ditjo]- We
also assume (6.1). As Q(k) < k, (6.1) implies (2.4). Define yi := f9e®-1(d_1).
Figure 10.1 shows that y; € (ZQ2(k), 2’@2(@).
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¢ £Q(k) di—1 2Q(k)—1

a1

dQ(k)—1 #Q2(k) Yk 2Q2(k+1

Ficure 10.1

ZQ2(k) ZQ2(k)+1 Yk ¢
52
c 2Q(@*(M)+1) di dqQ2 (k)
FIGURE 10.2
I 1 ‘7 1 r 1
z;': 21{+1 f t,fl
fSn—l
L J R
¢ £Q(n+1) dn 4Q2(n)
FIiGure 10.3

Lemma 10.1. If (2.4) holds, then for k sufficiently large,

(10.1) Yr € (ZQ2(k), ZQ2(k)+1) @] (2Q2(k)+17 2@2(@).

Proof. Suppose (10.1) was false, so yx € (2Q2(k)+1,¢) U (¢, 2Q2(k)+1) (see Figure
10.2).

Then d = fSQQ(’””) (yx) ¢ (ZQ(Q2(I€)+1)72Q(Q2(k)+1))- Using (2.2) however, we
obtain Q(Q*(k) + 1) > Q(k + 1), violating (2.4). |

Lemma 10.2. Let Af := dgg(n)/d-}i. Then for n sufficiently large we have A, > 3
and log Af > 1.1.

Proof. Pick m arbitrary, and let n = Q*(m).
Consider the intervals as in Figure 10.3. Using non-flatness, expansion of cross-
ratio and the inequality (vab—1)2 > (a —1)(b— 1), we get
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z:f, af cf t:f,
fSn—l l
. L R
(o3 b dn dQQ(n)
FIiGure 10.4
Ty dh ) _dere —dn _ Bl _ |J] ]I
¢ o)~ o2t 7] = L] ]
_ dn — ZQ(n+1) Zf; — Z£+1
1
< Z
-/
1
< Z
-/
Hence
2 2
f f f
(1_ fdn )S fdn it I
Q2 (n) 2Q(n+1) Fnt

Recall that Q%(m) = n. By (6.1), Q(m+1) > Q*(m)+1 =n+1,s0d}, € (z,fH_l, cf).
It follows that
2
f 2
<1— fl )g ?” —1 §<\/A7fn—1>.
AQz2(m) Zut1
As1—121 > (Vo—1)*forall z € (1,3.1), Af, > Aég(m) whenever Aé2(m) < 3.1
Therefore for some sufficiently large m, Af, > 3.1. Because 1 — 5 < (ya —1)?

implies x > 3.1, it follows that A,fn > 3.1 for all subsequent m.

Lemma 10.3. Let a € (zy,

|Df5(af)] <

|

2,) and b= f5(a). Then, for n sufficiently large,
1
¥ 7
b dere
ol BT '

f
dg2(n)

N

I

bf

log

Proof. We apply non-flatness and the expansion of the cross-ratio on the intervals

in Figure 10.4, to get
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f' If 1 fl
ZQ(m+1)-1 dim cf tQ(mt1)—1
f5Q(mtn-1
f f !
. ZQ2(m+1)+1 2Q2(m+1) £Q2(m+1)-1
f T f T df T f
‘ Y1 Qm+1)—1 4Q2(Q(m+1)-1)
FiGURE 10.5
L If 1 1
’é’(m+1) Ym+1 of téz(m+1)
£7Q2(m+)
7 7 7 7
¢ 1 4Q2(m+1) Q4 (m+1)
FiGURE 10.6
b/ L] b |T] 1] |r]
D% (ah)| < 20— — ST T
DI = 2 =2 R
bf dgeny —b d, —b
<9l &) .
b sz(n) — dn af
_o Vb drey —b 1 dgrw
af d, dg2(n) ng%;)_d" b
1
f f €
D) d5e i, df [ oz, — dn
P2t g dh (e )
af Af bf bt bf
Because A/ > 3 for n sufficiently large, the lemma follows.
Define pf := max{zg_l/zg | n— 10N < k <n}.
Lemma 10.4. For m sufficiently large,
f 12N 42

dm
(Do (df,)| < BN BN +2)log! (whn) ()

m

[

Proof. Decompose | D fSewm+1 (df )| = | D f¥@2 e+ (ygl+1)| | DfSam+n-1(df )|. For
each factor, we will use Lemma 10.3. Consider the second factor, and let df, take
the role of a/ (see Figure 10.5). Then

|Dffamin=i(d]))|

1

f f f f £
Yma Y02 @min-1) | ommin-1 [ 9Q2@umin-1)
< 7 log 7 log 7 7 .
dm Ym+1 Ym+1 Ym—+1

For the first factor, let y/, ., take the role of a/ (Figure 10.6). Then
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. ! 3 r .
z,{, of t{n
me -1
L J R
¢ dm 4q?(m)
FiGure 10.7

d dl). dl. dl,, ‘

S m QA (m+1 Q?*(m+1 QA (m+1
|Dfo@2m+n) (y;+1)| < f+1 log f( ) log df( ) d; ) )
m+1 m+1 m+1 m-+1

From Lemma 10.1 and the definition of y,+1, it follows that (see Figure 10.5)

f f f f
2Q2ma11 < Y1 < dgamin-1 < F2min -1

As Q(n) >n — N, also A} < (uf)?N. Combining the above formulas, we get

df f

f f
|D fSaemn (df )| < g1 -log (M)
m 2Q2(m+1)+1

min-1 g a1 g %
Hlog | Agemin1 ) | 7 AQemin1
Q*(m+1)+1 Q2 (m+1)+1

1

,
log(Ad, 1) log(Af, 1 AL ih)) (AL+1A£22(m+1))

df X A f f 12Z\£+2

< TEHLSGN(BN + 2)log (] 41) (o1

m

as asserted. O

Lemma 10.5. For m sufficiently large,

1
df df ‘ df df
m( m ) < |DfS(ef)| < 2 <t 1og —m

P\ Gr f
Zm \ g2 () Zmtl AQm1)

Proof. For the first inequality, we use the expansion of the cross-ratio of the intervals
in Figure 10.7, and get

df, |J| df, |L| |R] |t df, dm  dgrim) — dm
DfSm (e > 0.950=" 2 > 0.95¢-" 1 1L > (0.950-1
D)l don 1] dun TTI 11T 1] S
1 1
f f z f f z
> 0952 <fd—m> log A, > (fd—m> :
Zm \ A2 (m) Zm \ g2 ()
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l 7 r
A = of
me-—l
L J R
c ZQ(m+1) dm
FIGURE 10.8

where we have used Lemma 10.2 for the last step. For the second inequality, we
use the intervals in Figure 10.8, and get

dj, |R)| dj, |T] 7] ]
IDfm ()] < V20 < Ve i
dp, || dm [L[ 5] [¢]
< ﬁf% dpm  dm — 2Q(m+1) Zr{z - quqc1+1
B dm 2Q(m+1) 2 Zin
@, df,
<2 7 log 7

m+1 £Q(m+1)

This proves the lemma. O

n—1

Lemma 10.6. Df°~(c/) is bounded and bounded away from 0. Moreover, :; 18
bounded. !

2

Proof. We first prove that

first statement.

Take n such that z,_1 < d,, i.e. @(n+ 1) < n. Next take M minimal such
that zp—par41 > dp. As Q(n+1) >n — N + 1, it follows that M < N. Decompose
Df5n(c!) into M factors as follows:

+ is bounded. Then we use Lemma 10.5 to prove the

0
Zn

DfS(el) = Df*=(ef) - DfSa (d; )
= DfS2(el) - DfSetn(dl]_y) - DfSem (d] )

= DS (cf). DfSQ(nfMJrl)(df_M) ... DfSam (di—l)-

n

We apply Lemma 10.5 to the first factor and Lemma 10.4 to the other factors.
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l J r
7 i 7 1
dn  25(n41) LQ(nt+1)+1 of tQ(n41)
Qi+
L J R
7 7 7 i
f Zgemen+tnsr o@mintnsr  domen 195 (n+1)
FiGURE 10.9
d! a!
|DfS"(Cf)| §2 fn—M log n—M

Zn—M+1 “Q(n—M+1)

df M+1 2 4/ f f 121\£+2
PAELBON (BN + 2)log! (4] _ar.1) (.
n—M
df 121\£+2
N3N +2)log (uf 1) ()1
n—2
df 12N 42
- —1—36N?(3N +2)log” (1) (1))
dn—l
g12Nzrz)M

<2-36MN*M (3N + 2)M log"™ 1 (1l)) (uf)

As M < N, and by the first part of Lemma 10.5,
df (12N+2)N+1
Zn
S
If Q(n+1) < n, then - < ‘zi—é. If Q(n+1) = n, then, as f is not renormalizable
(see Lemma 2.3) and Q(k) > k — N, there exists jo < N such that Q(n+j) =n

f df )
for 0 < j < jo, and Q(n+ jo) < n. Hence z;‘—;l < Z’}ﬂ, and for pf_ = limsup,, uf,

n+ijo

12N4+2)N+1
ul <2368 NN BN + 29V log (L) (uL) T

Hence for ¢ sufficiently large, uf, < oo.
In general, 2Q(n+1) < dn < sz(n) < ZQ(Q2(n)+1)—1 < ZQ(n+1)—3N and Z2Q(n+1)—1
> dy, > zp—n. It follows by Lemma 10.5 that

_3N
0< (ul)™" <IDF ()] < ()Y log il
for m sufficiently large. O

ar
F

Lemma 10.7. > K > 1 for n sufficiently large.

UQ(n+1)+1

Proof. We will use the expansion of the cross-ratio for the intervals in Figure 10.9,
and get
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f_ ) f o
Ay, = UG 41y 41 S fQmtn) T MQmrn+1 _ 17 < L] R [t|
7 = 7 =
UQ(nt1)+1 UD(nt1) 41 gl T ]
uf df _ df
< Yo@mrn++1 Q3(n+1) ~ %Q(n+1)
= dt at —uf
@t domr1) T U@t 1)1
ul d’
e@uintu (1 Laery
- dl d!
Qun+1) Q¥ (n+1)

f
S Ye@mitn+1+1 <1 1 )
=T N '

Q(n+1) Q(n+1)
Now
uf Zf
QRIMHDADHL _ “QQnt)+1)+1 1
f = _f =, f\2’
dQ(n+1) £Q(Q(n+1)+1)—1 (o)

and by Lemma 10.2, A{;)(n+1) > 3. Therefore by Lemma 10.6

df &, —u 1

—1=

f
Qnin+1 2
7 7 =377\
UQ(n+1)+1 U (n41)+1 (130)

> 0.

This proves Lemma 10.7.

11. SOME COUNTEREXAMPLES

In this section we give the counterexamples which complete the proof of Propo-

sition 3.1.

Example 11.1. This example gives the kneadings of a unimodal map satisfying
the property (C7) (which is equivalent to r,(¢;) — 0), but failing condition (C6).

More precisely, we construct the kneadings of a map such that

o M, (c1) D (20,20) D ¢p41 infinitely often, and d(cp+1, {20, 20}) — 0 for these

values of n.

e For every € > 0 there exists only finitely many n’s such that M,(c1) D

(z0 — €, 20 + €).

e For those n for which M,,(c1) 3 ¢ but M, (c1) 2 (20, 20), d(¢c, 0My(c1)) — 0.
=1

Start with Q(0) = Q(1) = Q(2) = 0, and kg

inductively,
Q(ki) = ki1,
Qi +1) =
Q(k; +2)_kl 1+ 2,
Q(k; +3)=k; + 2,
Qki +4) = kz,
Q(ki +5) =
Q(k; +5 +]) Qj) for j =1,2,.... ki1 + 3,

and
kiv1 =ki+ki—1+09.

and k1 = 3. Then we define,
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Example 11.2. We construct the kneading map of a unimodal map having the
following properties:

L Rn (Cl) 7L> 07

e d(c,0My(c1)) — 0 as n — oo, and M, (c1) > c.
In other words, if M, (c1) 3 ¢, then at least one end-point of M, (c1) must be close
to ¢ for n large. Therefore condition (C5) is satisfied, but (C3), or equivalently
(C4), fails. The kneading map is as follows: Q(0) = Q(1) =0 and, for k > 1,

0 if k=0 mod 3,
Qk)=<k—2 ifk=1 mod 3,
k—1 ifk=2 mod 3.

Example 11.3. We construct the kneading map of a unimodal map that satisfies
condition (C6), but fails (C5). It has the following properties:
e There exist infinitely many n’s such that M, (¢1) D (20, 20) and ¢pt1 € (20, 20]-
(Notice that in Example 11.1, ¢,41 € (20, 20) for the comparable iterates.)
e For every ¢ > 0 there exist only finitely many n’s such that M,(c;) D
(20 — €, %0 +€).
e For those n for which M, (c1) 2 ¢ but M, (c1) 2 (20, 20), d(¢c, M (c1)) — 0
as n — 0o.

The kneading map is as follows: Q(0) = Q(1) = 0, and for k£ > 1,

0 if k=0 mod4ork=3 mod 4,
Qk)=<k—-3 ifk=1 mod 4,
k—1 ifk=2 mod4.

Before we can prove that the examples really do what they are supposed to, we
have to discuss a few properties of cutting and co-cutting times. For more details we
refer to [B2], [B3]. We will mainly consider the combinatorial side of these notions.
Let v = ejesesey... = 10esey... be the kneading invariant. The cutting times can be
found by decomposing v into blocks that repeat the head of v. Therefore Sp = 1
and S, =min{j > Si_1 | ¢; # ej_s,_,}. Writing 0’ =1 and 1’ = 0, we get

_ /
(11.1) €Sy 1 +1€8)_ 14268, —1€5), = €1€2..€50, €5,

where () is as ever the kneading map. Recall that admissibility in terms of the
kneading map is guaranteed by

(2.3) {QUk+5)}jz1 = {Q(Q*(k) + 7))} =1

The co-cutting times can be found using the other splitting: To = min{j > 1| e; =
1}, and T = min{j > Tjk—1 | €5 #+ Ej_kal}. Hence
(112) €Ty _1+1€T),_1+2---€T, —1€T}, = 6162"'6562(&)6:9@(@'
Define

S(n) :==max{S; | S; <n}, T(n):=max{T;|T; <n}.

Geometrically speaking, M,,—1(c1) 2 c if and only if n is a cutting or co-cutting
time. The iterate n is a cutting time if f"~1(H,(c1) N (0,¢1)) 3 ¢, and n is a co-
cutting time if f*~1(H,(c1) \ (0,¢1)) 2 ¢. One can prove that T} — S{(T}) is always
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a cutting time. (In fact, will prove this inductively in these heuristics.) Suppose
that Sk—1 = S(T}), and that T; — S(T}) = S,; then (11.1) and (11.2) yield

eSk—l"l'leSk—l"l‘Q"'eTl"'eTl+1"' ..€5,-1€5,
= €1€2...€5,...€5, ;... ...ESQ(k)_leng(k).

This implies that for the subsequent co-cutting times T;, Tj11,... (as long as they
are smaller than Sg), T} — Sk—1 = Sy, T141 — Sk—1 = Sy+1,.... In particular, if
Ty = T<Sk>, then
(11.3) Ty = Sk—1+ Sqk)—1 = Sk — SqQ2(k)»

and between Sj, — SQz(k) and Sy there are no co-cutting times.

In order to find the co-cutting time 7T}/11, we have to take a closer look at (2.3).
Let B3(k) > 0 be such that Q(k + j) = Q(Q?*(k) + 7)) for 0 < j < B(k), and
Q(k + B(k)) > Q(Q*(k) + B(k)). Hence Spt; = Sgz(k)4; for all j < B(k), and
Sk+ﬁ(k) > SQz(k)+5(k). Therefore

esk_sQ2(k)+1 €5, ...esk+1 "'eSkJrﬁ(k)—l ...esk+ﬁ(k>71+sn...65k+ﬁ(k)
_ I
= €168 €02 4y 1 €802 Bk -1 ...65Q2(k)+ﬁ(k)6162...,

where i = Sg2(k)+8(k) = SQ2(k)+8(k)—1 = SQ(@2(k)+a(k))- Therefore

(114) j-’l’-‘rl :j—‘l/ +SQ2(k)+ﬁ(k)7
and
(11.5) Tr1 = Sirpn-1 = Tr+1 = S{Tr41) = So@2w+5()-

Lemma 11.1. Suppose R, (c1) > €. Then there exists K = K(g) such that {n +
1,...,n+ K} contains a cutting OR a co-cutting time. If rn(c1) > e, then {n +
1,..,n+ K} contains a cutting AND a co-cutting time. In particular, this holds if
n + 1 is a cutting or co-cutting time.

Proof. Follows immediately from the Contraction Principle. O

The reverse need not be true. If M,(c1) 3 2k, then n + Sk is a cutting or a
co-cutting time, but it gives no information on the size of M, (c1). However, if
Q(k) =7, then Ms, |, 1(c1) C (¢, zr—1); likewise if Q(1) = r.

The next corollary is straightforward.

Corollary 11.2. Let Sy (n) := min{Sy | Sk > n} and Ty (n) := min{7} | T; > n}.
If

lim max{Sy(n) —n,Ty(n) —n} = oo,
ne{S,}U{T;},n—oo { +< > +< > }

then rp—1(c1) — 0.

This gives us enough luggage to prove that the examples do what they are
supposed to do.

Proof of Example 11.1. We first check (2.3).
ir7=k. Then Q(r+1)=0=Q(ki—2 +1) = Q(Q*(r) + 1) and Q(k; +2) =
ki1 +2>k_3+2= Q(QZ(T‘) + 2).
i r=k+1 Then Q(r +1)=ki_1 +2>0=Q(1) = Q(Q*(r) + 1).
iii =k +2 Then Q(r+1)=4k; +2 > ki—o +2 = Q(Q*(r) + 1).
ivr=k +3 Then Q(r+1) =k >0=Q(k; + 1) = Q(Q*(r) +1).
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vr=k +4 Then Q(r+1)=1>0=Q(ki—1 +1) = Q(Q*(r) + 1).
vi r = k; +5. By construction, Q(r + j) = Q(j) = Q(Q?*(r) + j) for j =
1, kic1 + 3.
But Q(T + ki1 + 4) e Q(kH_l) =k, >ki_1 = Q(Q2(T) + ki1 + 4) This settles
admissibility.
We will show that M,,(c1) D (20, 20) D ¢n41 infinitely often. Let

an = f"HOH,—1(c1) N (0,¢)), by = f""HOH,—1(c1)\ (0,¢)).
Hence (an,b,) = M,_1(c1). Abbreviate r = k; + 4. Then Q(r + 1) = 1, so

cs, € A1 U A;. Also as, = Csy(,y = Csy,» and, as Q(k; +1) =0, ag, € Ag U Ay.

2y = CSn - As Q(ki—1+1) =0, also bs, € AgU Ay

Hence Mg, _1(c1) D (20, 20) 3 cg, for every i. In particular Rg,_1(c1) # 0.
However, |cs, — bs,| — 0, as we shall prove. It follows by (11.3) that T (S,) =

Sr +80(Q2(r)+1) = Sr + 1. By construction of @,

T4 (S + 1) = Sr1 + 50(@2(r41)+1)
(11.5) + o+ 8QQ2(r+1)+ki 1 +3) T 5Q(Q2(r+1) ks _1+4)
= Ski"t‘ki—l"l‘g + Ski—l'

The other endpoint bs, = cg

Hence T4 (S, +1) — (S, + 1) — oo and f(cs,.) — ¢ as i — 0.

On the other hand, bg, = CSo2y = CSuy_y and f(bs,) = CSy, +1 = CSp_ i1
Then Q(ki—1 + 2) = kj—2 + 2 — 00, and therefore also f(bg,) — ¢ as i — oo.

Combining these facts, we get |cg, — bg, | — 0, as asserted.

Finally we have to check that r,(c1) — 0. Due to the Contraction Principle,
it suffices to consider the cutting and co-cutting times only. Let us start with the
cutting times:

vii r = k;. Then T(S,) =S, — SQz(T) =5, —Sk;_y, T+ (Sr) = Sr +SQ(Q2(T‘)+1) +
So@*(ry+2) = Sr + 1+ Sk,_s42. Therefore T, (S,) — S, = 1 4 Sy, _,42 — 00 and
|bs, —cs,| — 0 as i — oo.

viii r = k; + 1. Similar to vii.

ixr ==k +2. 5 — S<Sr> = SQ(T) e Ski,1+2- Because Q(ki_l + 2+ 1) =
ki—1+2 — oo asi— 00, also ag, — ¢ as i — oo. Because Q(r +1) = k; + 2 — o0,
also ¢g, — ¢ and therefore |ag, — cg,| — ¢ as i — oc.

x r = k; + 3. Similar to ix.

xi r = k; + 4. This case we treated above.

xiir =k +4+4jfor j=0,1,....,k;_1 + 3. From (11.5) it follows that T4 (S, ) =
Ski+k,_1+8 + Sk;_,. Therefore T (S,.) — S, > Sk,_, — oo and bg, — cg, as i — oc.

Finally, we have to look after the co-cutting times.

xiii Sy, —1 < T; < Sk;. Then Sy (T})—T; > Sg2(k,) = Sk,_, — 00 and |ar, —cp,| —

xiv Sk, < T; < Sk,+1 is impossible, because Q(k; + 1) = 0.

XV Sk;41 < 17 < Sk,42. See xiii.

xvi Sk, 42 < T; < Sk, +3. See xiii.

xvii Ski_;.g <T < Ski+4- See xiii.

xviil T} = Sk, 44 + 1. Then T;—1 = Sk, +4 — SQ2(k;+4) = Sk;+4 — Sk,_,. Therefore

Ty~ Tiot = Saq) = Sty +1= Sk, 1. Because Q(QU) +1) = Qki—1 +141) =
ki—o +2 — 00, by, — ¢ as i — oo. Furthermore, Q( +1) > k;_1, and also e, — ¢
as ¢ — oo. Hence |br, — c¢py| — 0.
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xix By construction of @, there are no cutting times between Sy, 15 and Sk, ,, 1.
This finishes the proof. O

Proof of Example 11.2. First we check the admissibility condition (2.3)

e If k=0 mod 3, then Q(k+1)=k—1>0=Q(Q*k) +1).

e Ifk=1 mod3,then Qk+1)=k>0=k—-3=Q(k—3)=Q(Q*k) +1).

e If k =2 mod3, then Q(k+1) = 0 = Q(k —2) = Q(Q*(k) + 1), and

Qk+2)=k>k—-3=Q(k—1)=Q(Q*k) +2). Hence Q is admissible.

Because liminf, Q(k) = 0, Mg, —1(c1) D (z0,¢) or (¢, 2p) infinitely often. Hence
Rn(cl) 74) 0.

Let U some neighbourhood of ¢. We claim that M, (c1) D U at most finitely
often. Let My _1(c1) = (an,bn) = (Cn—s(n)> Cn—7(n)) as in the previous proof.

e If £k = 0 mod 3, then, using (11.3), T'(Sx) = T(Sk—1) = Sk—1 — Sg2(k-1)

and T+<Sk> = Sk—1+ SQ(Q2(k—1)+1) + SQ(Qz(k_1)+2) = Sk + Sk_4. Therefore
T4 (Sk)— Sk — oo and |bg, —cs, | — 0 as k — co. Because Q(k+1) =k—1 —
00, also cg, — c.

o If k = 1 mod 3, then T(Sy) = Sk — SQz(k) = Sk — Sk—3 and T4.(S;) =
S + SQ(Q2(k)+1) = SL + SQ(k_g) = S; + Sk_3. Therefore T+<Sk> — 00 and
|bs, — cs,,| — 0 as k — oo. Because Q(k + 1) = k — o0, also ¢g, — 0.

e If k=2 mod 3, then ag, = Sp—1 and Qk—1+1)=k—1— o0 as k — oc.
Hence as, — c.

Finally, we check the co-cutting times. Let T} be a co-cutting time, and Sy =
S, (T}). Then k =1 mod 3 or k = 2 mod 3, and in either case Q?(k) = k — 3.
Hence S (T;) — T; > Sk—3 — o0 as | — oo. Therefore ay, — cr, as | — oo. This
proves the claim. By the Contraction Principle, it follows that r,(c;) — 0. The
proof is finished. O

Proof of Example 11.3. For the large part we can copy the proof of Example 11.2.
This shows that d(c, 0M,(c1)) — 0if r — 0o, M,.(¢1) 3 ¢ and r # Sy;+3 for some 7.
Forr = Sk—1 := S4;43—1, the situation is different: As Q(k+1) = Q(Q(k)+1) =0,
it follows that cs, € Ap and as, = cou) € Ag. Therefore M, (c1) D (z0,20)-
Furthermore,

T(Sk) = T(Sk—-1) = Sk—1 — Sq@2(k—1) = Sk—1 — Sk—5,

and
T4 {Sk) = Sk—1 + 5Q(@2(h-1)+1) T 5Q(Q* (h-1)4+2) T 50(Q? (k-1)+3)
=Sk + 1+ Sk_s.
Therefore T (Si) — Si — oo and d(bg, zg) — 0. This concludes the proof. O
+ p
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